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MOBIUS-FLAT HYPERSURFACES IN PROJECTIVE SPACE 



DANIEL J. CLARKE 



Abstract. I give a theory of Mobius-flat hypersurfaces in KP"-, analogous 
fvj . to that in conforinal S". This unifies the classes of hypersurfaces with flat 

induced conformal structure (n > 3) and a classically studied class of surfaces 

^"^ ' (n = 3). I extend an example of Akivis-Konnov, and use polynomial conserved 

*vj ' quantities to characterise hypersurfaces with flat centro-affine metric among 

, Mobius-flat hypersurfaces. Part of the theory has an obvious counterpart in 

^ ■ Lie sphere geometry. 

o 

:z; 

in 



1. Introduction 



This paper concerns two classes of projective hypersurface. Around the late 1920's, 
Cech [221 [12 and Kaucky 13^ studied a class of hypersurfaces in RP" possessing a 
one-parameter family of asymptotic deformations rescaling the Darboux cubic form. 
Slightly more recently, the conformal structure induced on a projective hypersurface 
with non-degenerate second fundamental form ( "tangentially non-degenerate" in 
the language of Akivis-Konnov [!,) was studied, and in particular those that are 
^■f-N ' conformally flat. 

In the realm of conformal geometry, Burstall-Calderbank [SJ [3] unify conformally 

flat submanifolds having flat normal bundle in conformal 5'", with Guichard and 
fT^ I channel surfaces by taking an integrable systems viewpoint. Furthermore, they pro- 

04 ■ vide a conformal approach to constant Gaussian curvature submanifolds of space- 

^^ I forms. This is achieved using the concept of a polynomial conserved quantity. These 

^^ ■ have also been used by Burstall-Santos [8] to view constant mean curvature hy- 

Cn I persurfaces in spaceforms as isothermic surfaces, Quintino [18 in the context of 

Willmore surfaces, and Burstall-Calderbank in their study of Guichard surfaces as 

Lie applicable surfaces (private communication). 



Classically, surfaces in projective space were studied [53] via solutions of the linear 



H ' system 



'yy 






where x, y are asymptotic co-ordinates (we adopt here the notation of [15 ). Kaucky 
[IB] and Cech [H] (23] identified surfaces satisfying 

\i-) Pyyy ~ ^xxx 

as possessing a one-parameter family of asymptotic deformations rescaling the Dar- 
boux cubic form C. 
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The condition ([1]) depends upon the choice of asymptotic co-ordinates, so instead 
we prefer to work with the condition that there exists functions a, b so that 

(2) 2Pyb - phy = 27a; a - 703; 

and 

(3) 26, = 2-1 Py + p-iy 

(4) 2ay = 2/37, + 7/3, 

Upon change of co-ordinates, the functions a, b scale as components of a quadratic 
differential. We shall show how equations ©-(HI) may be expressed in terms of this 
quadratic differential using a differential pairing of Calderbank-Diemer 10 in tj5.4l 

We will introduce a notion of projectively Mobius-flat hypersurface in terms of the 
existence of one-forms satisfying certain algebraic and differential conditions. In 
particular, we obtain a zero-curvature formulation for conformal flatness of projec- 
tive hypersurfaces. 

After studying this notion in its own right, we will show that it unifies hypersurfaces 
with flat asymptotic conformal structure when n > 3, and surfaces satisfying ©-(JH) 
when n — i. 

In centro-afhne geometry, i.e., differential geometry in a finite-dimensional vector 
space, Ferapontov [TS] studied hypersurfaces with flat centro-affine metric. He 
showed that these hypersurfaces possess a spectral deformation. Also he found 
that hypersurfaces with flat centro-affine metric satisfy ^ when n = 3, observing 
that they are conformally flat (in the projective sense) when 71 > 3. Otherwise said, 
hypersurfaces with flat centro-affine metric are projectively Mobius-flat. 

In this paper we will see how this fits into the framework of polynomial conserved 
quantities. For surfaces, the existence of a polynomial conserved quantity may be 
formulated as 

Theorem 1.1. Let a be a potential for the Chebyshev covector, and suppose Pxxx = 
lyyy Then the surface has fiat centro-affine metric if and only if 

(5) Py = 2axx 

(6) Ix = 2ayy 

(7) V^2{Pay + al) 

(8) W = 2{-fax + al) 

(9) 1 = /37 - 4a, a^ 

Moreover, if a is any function satisfying these equations then a is a potential for 
the Chebyshev covector of a projective transform of a surface with flat centro-affine 
metric. 

but we will derive this from a more natural formulation that holds for ttt, > 3 also. 

Thus, the main objectives of this paper are: to provide an account of Mobius-flat 
projective hypersurfaces analogous to that in conformal geometry, and to charac- 
terise among these the hypersurfaces with flat centro-afRne metric. It is evident 
that the work in ii ij3l5l has a direct analogue for surfaces in Lie sphere geometry 
using Lie's line-sphere correspondence. 

In 52]we will review the "gauge-theoretic" formalism that we use for projective and 
conformal differential geometry. We will then examine the known spectral deforma- 
tion to provide motivation for our deflnition of projectively Mobius flt hypersurface 
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which we introduce in SJ31 This is followed by two examples in S^J second-order 
envelopes of quadric congruences (dealt with already by Akivis-Konnov for m > 4) 
and hypersurfaces with flat centro-affinc metric (dealt with by Ferapontov as men- 
tioned above) . We have postponed to Sj5] the matter of proving that our definition 
in [J3] unifies the two classes as claimed above. The remainder of this section and 
^ then covers the special case of surfaces, in an attempt to make all this more 
concrete for readers who are used to working in the setup of equations ©-(JH). 

This work is based on part of the author's PhD thesis. 

2. Notation and motivation 
First we recall the gauge-theoretic setup for projective differential geometry from 

Let S be a fixed ?7i- manifold; in this paper we always take m > 2. For a vector 
space V ^ we use V_ to denote the trivial vector bundle y x E over S. This bundle 
carries a trivial connection d given by dx<7 '■= {da){X) where the second d is just 
the usual exterior derivative. Given a vector bundle E, we denote by C°°(I],i?) 
and r2'^(E, E) the spaces of sections of E and fc- forms with values in E respectively. 

Throughout we will identify subbundles of M"^^ := E x R"+^ with maps from E 
into Grassmannians. More precisely, a rank k subbundle U C M""*"^ corresponds to 
the (smooth) map x i~^ Ux from E to the Grassmannian of fc-dimensional subspaces 
of ]R"+^, where Ux is the fibre of U over the point x. In particular let A be a 
codimension one immersion of E into MP" . The contact lift is then a filtration E, 

EQ = 0CEi^ACE2=dACE3= M"+^ 

where dA is a shorthand we use to denote the subbundle whose sections are of the 
form dxa for X G C°°(E,rAf) and a G C°°(E, A). 

In this paper we will take the view that a surface is a rank (l,n) filtration E by 
subbundles of M""*"^ satisfying dEi = E2] such E we call Legendre. This induces a 
filtration of the bundle of Lie algebras g := E x g[(R"+^) with 

£_2 = {x e q\xE2 = 0, Al"+i C El} 

£0 = {A e g\XEi C Ei,XE2 C E2} 
9, = {Xe g\XEi C E2} 

Given a metric g on M" , there is a unique decomposition d ~ D^ + Af^ where 
T)^ is a connection satisfying V^g — and N^ is a g-valued one-form whose values 
are (7-symmetric. These are the () and m parts respectively of d, where f) := {A G 
q\X skew for g} and m := {A S q\X symmetric for g}. The following formulae are 
useful for calculation: 

g{V^a, t) = -{g{da, r) - g{a, dr) + dg{(j, t)) 
g{M^a, r) = -{g{da, r) + g{a, dr) ~ dg{(j, r)). 



forcr,r e C°°(E,M"+^). We s&y E envelopes giiEiismiWior g and N^ e i7i(E,0p); 
we say g is unimodular if the values of N^ are trace-free. We will recall more on 
this in M 
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Let g be a quadric congruence in WP"^. This is the same thing as a rank one 
subbundle of S'^(M"~''^)* all of whose sections are non-degenerate. There is then 
a distinguished metric in this conformal class (up to constant rescaling) satisfying 
trA/"^ = 0, which we call unimodular. 

Now let us see how this can help us analyse the spectral deformation associated 
with ^. 

We calculate 



(10) 
(11) 



pyay + /?(7a, + -[W - 7.)a) + -{Vy - pyy)<j + -{V- py)a, 



lx(yx + 7(/3cry + 7;{V ~ PyW) + -{W^ " 7xx)a- + -{W - -i^)(T, 



Thus, 



(12) 



(13) 



Ox 

Oy 

\Oxyj 

(-\ 

C^x 

ay 

\<yxy) 



( 



( 








+ n - Pvv) 



\\ilV 



-iPv 



Ix) 



Ixx) 



1 


0\ 


1 a\ 


/3 





Ox 





1 


Oy 


Pi W + Py) 


0/ 


\oxy) 


1 


0Wa\ 





1 


Ox 


7 





ay 


i(W^ + 7,) /37 


0/ 


\axyj 



Putting ^ ~ (a, ax,Oy, Oxy), this is of the form dip ~ A-tjj where A is a matrix- valued 
one-form. The one-form A represents the connection d w.r.t. the frame ip- 

We now insert a spectral parameter into A by multiplying /3, 7 by t, and V, W by 
t^ (see e.g. [H]), and call the result At. This defines a new connection according to 
dttp = Attp- The difference dt—d between these connections is a Lie algebra- valued 
one-form, which in matrix form w.r.t. the frame ip is {At — Ai)^. 

Let us write this out explicitly, separating the powers of t: 



— iAt-A,f = {t-l) 



it' 



it' 



/o - 




4/3 



y 2 Pyy ' 





/3 

\p 


i/3, 
J 




-1) 


/o 




\V -\iVy-Plx)\ 

/37 
\V 


Vo 


/ 


-1) 


/o 




\m\ 
00 







00 






\o 


00 / 
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and 



dy 



{At - A^f ^ {t ^ \) 






Vo 



it' 1) 



{t^ - 1) 






vo 
/o 




vo 



'2 7x 

7 



I 











-o7x 

27x 






/ 



^ l[W.-^f3y)\ 



Pi 








We want to describe this family dt of connections invariantly. To see how to do 
this, let g be the symmetric bilinear form defined w.r.t. to the same frame as 

/o 



(14) 



9 := 






VI 






-1 







-1 









Plj 

Sasaki rTOl. 



A routine calculation 



This is the congruence of Lie quadrics, see e.g. 

(assisted by the fact that it is block upper triangular and symmetric w.r.t. g) shows 

that J\fo in matrix form is 





/O 


-iPy i 


N^^ 




0/3 


\0 


/O -i7 


+ 


7 



\0 


We conclude that 


(15) dt^Va + Ws 


where 







h(yy-Pyy + PW- 


2Pv 





2/37. - lP.)\ 



dx 



I 



liW, 



Ixx 



-^V - 

\lx 






27/3, - Ply)\ 



dy. 



+ {t^ - 1){X,0 + dr) + (t^^ - t)ip9 



(16) 



(17) 



and 



(18) 



ips = 



/o 




vo 


V 





Pi o\ 

/37 

V 
0/ 


dx + l 


/O 



VO 


Pi 






W \ 
w 
Pj 
0/ 


/o 










i/3W^' 




dx + 


^0 








d 


vo 








/ Vo 


) 






r = 


/O i/37\ 














^0 





oy 









dy, 
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It will be convenient to remove the r. To do this, we gauge the family of connections 
using the following formula derived in IB] (see also §8]) from the standard right 
logarithmic derivative formula: for r e C°°{'S,q), and affine connection V on g, 

(19) exp(T) • V = V - Vt - — [t, Vr] - — a.d^{T)VT ~ .... 

Now [x, r] = 0, so we have exp((t2 - 1)t) • d* = ps + W^ + {t^ - l)x^ + {t^ - t)'ip9. 
This motivates the definition with which we begin the next section. 

3. Definition and zero-curvature formulation 

In this section we define Mobius-flat hypersurfaces in projective space and show 
that this is equivalent to the existence of a family of flat connections of a certain 
form. Hence we obtain a spectral deformation. 



Definition 3.1. Let E be Legendre. If there exist one-forms x^ £ ^'^(^i0_i ^ 
f)),'0^ £ ^^(^7 0_n) for some enveloped metric g on M"^ so that 

(20) d^\ = i?^' 
and 

(21) dtlja + [MS A x1 = 
then we say that {E, x, V') is Mobius-flat. 

If such x^ 1 "0^ exist for some g, then we can find them for any enveloped g (see 
^3.2p . This justifies viewing them as functions depending on g. 



We saw already in f2]that surfaces satisfying Pyyy = jxxx are projectively Mobius- 
flat. We will see later in ^that the projectively Mobius-flat hypersurfaces for n > 3 
are exactly the hypersurfaces with conformally flat second fundamental form. 

3.1. Spectral deformation. Now let g be any enveloped metric, and suppose 
X^eri^(S,g nf)),V'®Gf^^(S,0 ). Let us contemplate the family of connections 
df := Vs + tj\f9 + (t^ - l)x» + (t^ ~ t)^s. We calculate the curvature 

+ ^-{[N^ ^Ns] + [f - i)2[x'^ A x'] + (t' - t?[r A r]) 

+ t{f - i)[M<> A x"] + t{t^ - t)W A tA^] + (<' - i){r^ ~ t)[x' A i^s]) 

= R^' + {e - i)dp\s + {e - t){dp'r + w A x^]) - yi?''' 

where we used the Gauss-Codazzi-Ricci equations R^^ -\- WN^ A A/"^] = and 
dJ\fs = 0, and the fact that [x^ A x^], [A/'s A V'^], [x^ A V'^] and [V'^ A V^] aU vanish 
for algebraic reasons: the flrst two take values in q n f) = and the second two 

take values in g_ = 0. We then observe that flatness of df for alH G M is equivalent 
to the equations (P01) . (PT|) above. 

From this we obtain a spectral deformation. In the passive viewpoint, we replace 
d with the flat connection df in the definition 13.11 the decomposition of d induced 
by g becomes df = I?f + A/f where 

(22) Vf = VS + [t^ - l)x^ 

(23) N^ ^ tN^ + {t^ ~ t)il:3 . 
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Note that d\Ei — cff|_Bi so that E remains Legendre, and '4'\ei — so E still 
envelopes g. Now the connection 

dfj = ps + sW^ + {{stf - l)x^ + {{stf - st)^p3 

is flat for all s G M, so {Eji'^x^t^'^') is Mobius-flat with respect to df. 

A gauge transformation is a section $ G C°°(S,S x GL(]R"+^)); it acts on connec- 
tions by $• V := $o Vo<i)~^. In the active viewpoint, we find a gauge transformation 
<I>t so that ^tdf — d, then the spectral deformation is ^tE. 

3.2. Gauge freedom. Sections v of g n m act freely transitively on the set of 
enveloped metrics hy g i-^ exp(— z^)f;. Equivalently, we replace d by exp(i/) -d, which 
we may compute using the gauging formula (|19p from [6^. From this we see that 
V3, Afs become 

exp(i/) -VS ^V^ -N^v--[v,V3v\, 

exp(i/) . TVS = TVS - ps^ _ i ad(i/)2(TVS) - i a.d{vf{V3v) 

2 6 

respectively. We calculate, 

exp(ii^) -dl^dl-tV^v- t^[N^, v] - (f"^ - t)[xS, i/] 

- ]-{t^[u,VSu]-t'^ad{vf{N<^)) - ii3^d(i/)2(2?9i/) 

+ t ( AA3 - P^i. - i ad(z/)2(A/'3) - \ a.d{vf{V3v) 
\ 2 6 

+ {t'-l)(x^-[N\u]-]^[v,VH 

+ (i' -<) (V-^ - iad(j.)2(A/-9) _ l(adH2(p5i.) - [x^^: 

Using the zero-curvature formulation, this justifies the claim made in the definition 
above. It also gives us a kind of 'permutability' theorem: gauging by tu the spectral 
deformation gives the spectral deformation gauged by v. 

The Codazzi equation implies that the trace of TV^ is closed. Since exp(aid) -V^ = 
V^ and exp(a id) ■ TV^ = TV^ — (da) id, we may assume locally, after rescaling, that 
g is unimodular. 



4. Examples 

Before we look at our first example, let us recall some more theory from |5]. A non- 
degenerate quadric in RP" is a non-degenerate symmetric bilinear form on R"+^ 
up to rescaling, and so a map from E in to the space of quadrics corresponds to the 
conformal class of a metric on M" . Demanding that the metric be unimodular 
fixes it up to constant scale (using the remark at the end of Sj3T2|). Geometrically, 
the condition that E envelopes g means that the surface and the quadric have 
second-order contact, in particular the asymptotic directions of the surface and the 
quadric at the point of contact coincide. 
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4.1. Second-order envelope of a congruence of quadrics. Akivis-Konnov 
[I] proved that a second order envelope of a one-parameter family of quadrics in 
]^pra+i^ n > 4 is conformally fiat. We now extend this by showing that the envelope 
is Mobius-flat for all n > 3. 

So let g be a metric representing a congruence of quadrics enveloping A, and suppose 
M^ has co-dimension one kernel. By the Gauss-Ricci equation we have Ep — 0, 
so A is Mobius-flat with x'? = = -0''. 

Burstall-Calderbank [6 showed that channel surfaces in S^ are Mobius-flat, and 
we have just obtained the projective version of this result. 



Remark 4.1. Whenever a Mobius-flat hypersurface envelopes a curved flat, the 
dressing transform [21] for curved flats induces a transform of enveloped hypersur- 
faces (though the result may not be immersed), as is easily seen using its gauge- 
theoretic formulation [71 |3]- This serves as a partial analogue of the Eisenhart 
transform [T3] of Guichard and channel surfaces, and its generalisation to confor- 
mally Mobius-flat submanifolds (of arbitrary co-dimension) by Burstall-Calderbank 

m- 

In the present situation the condition of M^ having co-dimension one kernel is 
preserved. 



4.2. Hypersurfaces with flat centro-afline metric. Let us recall the basics of 
centro-afRne differential geometry (e.g. from [T71 [201 IE])- If we choose a linear 
subspace V C R"+i of dimension n, and a vector p G ]R"+-'^, then we may identify 
points V £ V with points {v + p) of an affine hyperplane in MP" . In this way 
we may view centro-affine geometry as a subgeometry of projective geometry. An 
immersion r : E — )■ T^ is said to be centro-affine if E x y = dr(rS) © (r) . The trivial 
connection d decomposes as dxY = V xY + g{X ^ y)r\ here g is a symmetric bilinear 
form, the induced centro-affine metric. The difference tensor /i := V — V where V 
is the Levi-Civita connection for g is totally symmetric by the Codazzi equation, 
and the cubic form so defined is called the centro-affine (Fubini-Pick) cubic form. 
The trace of h with respect to g is called the Chebyshev covector denoted by T, 
and proper affine hyperspheres are characterised by the condition T = 0. 

Ferapontov showed [TS] that if g is flat then the surface is projectively Mobius-flat; 
for n = 3 the proof consisted of giving /3, 7, V and W in terms of a potential for 
the centro-affine cubic form. 

To see this in our setup, we introduce a metric g on R.""*"^ adapted to the problem. 
First set A = (R) and A = (R) with R := p-\-r and R := p-r. Then define (as in [4]) 
an enveloped metric using the Weyl structure A [/ © A with U := dr{TYj). More 
explicitly. A, A are nuU, C/ = (A © A)-'- and gidxR^dyR) := -gidxdyRjR)- We 
also declare g(r, r) — —g{p,p) — 1 and g{p, r) ~ Q (N.B. such g are not unimodular 
in general). It follows that A/"^]^^^ — 0, from which we see that for D the induced 
Weyl derivative, DR = = DR. Now g{T>^ R^V^ R) is the centro-affine metric, so 
the induced Weyl connection D^ is the Levi-Civita connection V. 

Now decompose V^ = D — (3 — f3 using the Weyl structure, i.e. (3 G r2^(E,siab(A)^), 
13 e rji(E,stofa(A)-L). Since d/3 = {V^ is torsion free), ^ holds with x^ := -/3- 
Furthermore, the Gauss equation reads d^" M^ - [M^ ^|3] - [TV^ A/3] = 0, the terms 
having weight 0, 1, -1 respectively. Thus (|2T|) holds with ?/)^ — 0. 
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Recall that we say a polynomial q in C°°(E,R"+^)[i] is conserved j^Sj if dlq{t) ~ 
for all i £ R. In the present situation, R + t^R is conserved. Indeed, 

di{R + t^R) = (2?9 + tN^ - {t^ ~ l)/3)(i? + t^R) 

= {V^ + J3)R + tM^R + t^iV'^R - J3R) 
+ t^N<^R - f^pR = 0. 

Remark 4.2. Let p denote the isomorphism M"+^ -> (M"+^)* induced by g. Then 
g G r(R"^"'^)[i] is conserved if and only if {pq){t) := p{q{—t)) is. This is because 
/o • df := p o d^ o p^^ = c^-ti as connections on (M"^ )*. 

Suppose conversely that (the contact lift of) A is Mobius-flat and there is a quadratic 
conserved quantity q(t) = R+t^R. with R G C°°(E, A), A := {R) null and g{R, R) > 
0. We have 

= (PS + tjV<^ + (<2 _ 1)^9 _^ (^3 _ t)i'a){R + fR) 

= (p9 - x^)R + tlAA^ - ^^)i? + ^^(P^i? + x^i?) 
+ t^ iJ\f^R + ^P^R)- t\sR + t'lP'^R. 

If we let p be the constant ^{R + R) then the t and t'^ terms imply Af^p = 0, i.e. 
gip, ■) is constant. In particular, g{p,p) and V := ker(p(7)(l) are constant; after 
rescaling we may thus assume that g{p,p) — —1. 

Thanks to the enveloping assumption, the condition g{J\f3R,R) — g{R,N'^R) = 
-~g{R,J\f^R) = implies that A/"^]^^^ = 0. Therefore g is the adapted metric 
defined above, the t component implies that ip^ = 0, and the component constant 
in t implies that x^ = ~$- Flatness of V^ — x^ thus gives flatness of R^ . That is 
to say, the centro-affine metric is fiat. 

Let us consider how a hypersurface with such conserved quantity transforms under 
the spectral deformation. The quantity qtis) '■— q{st) is conserved when d is re- 
placed by df. If ^t ■ df — d, then ^tqt is conserved for the deformed hypersurface 
<I>tA. However there is an arbitrary choice of constant of integration in $t, thus we 
can fix things up so that ^tP = P since dp = 0. Then $(A has flat metric in the 
same centro-affine subgeometry. 

In fact more can be said. In the passive viewpoint, if f 7^ we rescale the conserved 
quantity to qt{s) = jR + s^tR, so that g is the adapted metric. Thus the centro- 
affine metric is scaled by t^ (the change in connection may be ignored since the 
solder forms are the same). We already know that the cubic form is scaled by 
t. So we conclude that this spectral deformation coincides with the one given by 
Ferapontov p^ to characterise this class of hypersurfaces. He notes that for i = 
one obtains a hyperplane, and this coincides with the fact in our setup that we have 
a constant conserved quantity. 

In ^ we will see for the surfaces case how to formulate this in the setup of ©-([I]). 



5. The main theorem 

Having now studied projectively Mobius-fiat surfaces, it is time to address the main 
claim of this paper: that projectively Mobius-fiat surfaces are exactly the surfaces 
with fiat asymptotic conformal structure when m > 3, and surfaces satisfying Q- 
(g]) when m = 2. 
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In the following subsection, we recall the tools that we shall use to analyse the 
equations (EHl), (EH)- 

5.1. Conformal Cartan Geometries and the BGG calculus. In the case n = 
3 the projective hypersurface inherits not only a conformal structure, but also 
a Mobius structure in the sense of [5]. To handle this, rather than studying the 
conformal structure we instead use conformal Cartan geometries. In this subsection 
we recall the linear viewpoint, following [^. 

Definition 5.1 ([HE]). A conformal Cartan connection on an m-manifold S is 

• A rank m + 2 vector bundle V over S equipped with a non-degenerate 
symmetric bilinear form g 

• An oriented null line subbundle A <V 

• A metric connection V on V satisfying the Cartan condition that the al- 
gebraic map 13 : TY, -^ Hom(A, A^/A),X i-> (fj m> (dxcr mod A)) is an 
isomorphism. 

We call this a conformal Cartan geometry if 2? is strongly torsion free i.e. R^Ia = 0. 

Restriction gives an isomorphism Hom(A, A-'-/A) = ()/stab(A), where f) :— so(V^) 
and stab(A) :— {X g so(F)|XA e A}, which yields the usual identification of 
t)/stab(A) with TE for homogeneous spaces. With respect to the Killing form, the 
dual of TE is stab(A)-L ^ {X e so(T/)|AA = and XA^ C A}. We use this 
without further remark in the sequel. 

A conformal Cartan connection induces a conformal structure (i.e., a section of 
S'2T*EA-2) (. gi^gj^ by c{X,Y)a'^ = g{Vx(J,VY(j). A Weyl structure on E is a 
choice A of null line subbundle non-orthogonal to A. From the induced direct-sum 
decomposition of V we obtain from V, by inclusion and projection, a connection 
D on A called the Weyl derivative, and a connection D^ on TE called the Weyl 
connection; the later is conformal and torsion free so that if Da = 0, cr G C°°(E, A), 
then it is the Levi-Civita connection for the (pseudo-)Riemannian metric ca^. 

As in [B] (and the more general theory set down in '13' ) , we study conformal Cartan 
geometries by using concepts from Lie algebra homology, the setup of which we 
now recall. For W a bundle that is fibrewise a representation of T*E, we define an 
operator d : n''+^{W) -^ n''{W) by 



(9a)xi,...,Xfc_i := ^ ei-ae,,Xi....^x^ 



l<i<r 



for any choice of dual bases ei, . . . , e„ g T*E and ei, . . . , e„ £ TE. This satisfies 



a 



d"^ — 0; the fc-th homology group is written as HkiT*!^, W). We define the quabl 
operator D : ri'=(E, W) -^ f]'=(E, W) by D := d'^d + dcP] this is invertible on the 
image of d. The kernel of D contains a unique representative Ha of each homology 
class [a] where H := id-U-^dd'^ -d'^U'^d satisfies Hjima = and SoH = 0. This 
is Calderbank-Diemer's description [TU] of the differential lift of Cap et al. [T^. 

Each homology group iffc(T*S, W^) is a representation of stob(A), with stab (A)-*" 
acting trivially. There is a unique element in stab (A) /stab (A) ^, called the grading 
element, that acts as -1 on stab(A)-'-, on stab (A) /stab (A)-"- and 1 on f)/stab(A) 
(c.f. [IHITT]). When this element acts as the scalar i on _fffc(T*E, W), we say that 
iJfe(r*E,W) has weight i. 

Calderbank-Diemer [TU] defined multi-linear differential operators between homol- 
ogy bundles which we shall exploit. Given a bilinear pairing A : Wi x W2 — >■ 
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Wg of representations, we define u : C°°(I],i?'^(S, W^i)) x C'^(Y,,H\T,,Wi)) -J- 
C-(I],il'=+'(E, W^3)) by H u [r] := [n((nc^) A (Ht))]. 

When V is strongly torsion free, there is a unique section Q e C°°(S], 5^T*Af)nim9 
such that 2? — Q is normal (i.e. dR^~'^ = 0). On a surface this means that Q is 
trace-hke. A conformal Cartan geometry is determined entirely (up to isomorphism) 
by the conformal structure when to > 3. For to = 2, one also needs to know an 
additional piece of structure induced by the connection, called the Mobius structure 

The Weyl curvature of c is M^ = ttR^^^ where tt : stob(A) -^ stob(A)/stob(A)^ is 
the projection; of course when ttt, = 2, 3 this vanishes automatically for algebraic 
reasons. When to, = 2,3, the Cotton- York curvature C is R^~^ . This is the 
extension to the case to = 2 provided by ^9 . 

Recall |5l that, a unimodular metric g enveloped by E is said to be in the Darboux 
family when M^\ei ~ 0. Given g in the Darboux family, we obtain a conformal 
Cartan geometry, namely (M" ,g, Ei,!)^). There is a unique unimodular metric 
g satisfying the condition dAf^ — 0, which we call normal; in fact this is the Lie 
quadric congruence [S]. This is the conformal Cartan geometry that we shall use. 

5.2. Spectral deformation. As a simple application of this, let us check that the 
spectral deformation scales the Darboux cubic form. Suppose E is Mobius-flat. We 
work in the passive viewpoint. The solder form of T>f is equal to that of V^ , so 
the conformal structure remains unchanged. Since dAff = tdAf^ + {t^ — t)dip^ = 0, 
the normal unimodular metric is still g. So C, the homology class (see |5,) of 7V^ 
becomes [A/"/ ] = t[A/'»] = tC. 

5.3. The equivalence, part one. Equations ([20)1 . (PT|) can be reduced to a form 
involving the Darboux cubic form, a quadratic differential, the Cotton- York curva- 
ture, and one of the first order differential parings of Calderbank-Diemer. 

To effect this, we use an analysis very similar to that in the proof of [^ Theorem 
16.3]. 

Proposition 5.2. For m > 3, E is Mobius-flat if and only if it has conformally 
flat second fundamental form. For m = 2, E is Mobius-flat if and only if there 
exists q G C°°(E, 5^T*I]) with 

(24) dq^C 
and 

(25) quC = 0. 

Here dq := d^q, independently of choice of Weyl connection. 

Proof. Let g be the normal unimodular metric. Set q '.— x^ ~ Q^ where 2? = V^ — Q 
is the normal connection. If V^ — x^ = ^ — <Z is flat, then dd^q = 0, thus q is the 
differential lift of its homology class. Now when to = 2, the homology Hi{T*T,, f)) 
for TO = 2 has weight —2 and consists of symmetric trace-free bilinear forms so q 
is a quadratic differential. When to > 3, the homology has weight 0, so g vanishes. 
Thus ((20)) is equivalent to dq = C when to = 2, and = R^ when to > 3. Now 
for 771 = 3 this is the same as C = 0; for to, > 3 this is equivalent to the vanishing 
of the Weyl curvature since R^ — IIW (using the Bianchi identity, and that T> is 
normal) [5]. 
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Since ip^ is in the image of 9, we may rewrite (PT|) as = {id — dP 0^^d)[J\f^ Ax^] = 
0. Using the Codazzi equation and the Jacobi identity, dP" [A/"^ A Q] =0; also when 
m = 2, there are no 3-forms, so similarly d^ [N^ /\ q\ =0. Therefore we may 
rewrite dHJ as n[7V3 A g] = when m = 2, and as n[7V3 A Q] = when m = 3. 
The latter equation is in fact automatic since the homology i?2(T*S, m) has weight 
—2 in that case [4]. 

To conclude, if [E, x, "0) is Mobius flat, then when m = 2, q satisfles the required 
conditions, and when m = 3 we have that (S, c) is conformally-flat. Conversely, if 
m = 2 and q satisfies dq — C,quC — Q then E is Mobius-flat with x^ = Q + Qi 
otherwise if ?ti > 2 and (S, c) is conformally-flat then E is Mobius-flat with x^ = Q- 
In either case, ips = n-'^d[Afs A x"]. D 

This condition on q was used previously by Burstall-Calderbank to give a similar 
reformulation of projective and Lie applicability (private communication). 

5.4. The equivalence, part two. We are now going to see that, for the case of a 
surface, equations I^U^ and (PT|) are in fact co-ordinate invariant versions of Q and 
(l3]),(|4|) respectively. To assist in these calculations, we let ei,e2 be the co-ordinate 
vector fields for x,y respectively, with dual basis ei,e2- Also let c be conformal 
structure in induced by the conformal Cartan geometry (M"^^, g, Ei^V^). We work 
with the frame {a, ax, cry, a) using a as in fJT]and a = axy — \Pl- 

It follows that 





ei = 


/O 1 0\ 

1 


, £2 = 


/O 1 0\ 
1 





yo 0/ Vo 0/ 


and that ei 


62 are paral 


el for D. 







First let us deal with (120)) . For the right hand side, we need the curvature of V 
which in turn comes from Bp and Q. 



R. 



■ei,e2 — o V^ '^ •'^ Jei,e2 



= -WlML 



Thus if Q = QfC, then 

/-I 

1 





1 



\ 








2a 





y 



-a 


-2a 








V 

-a. 

y 



/o 


-5/37. 


hPy 


\ 





/37 





iPyl 








-/37 


-\h. 


vo 








0. ) 



a^ei ~ aye2 



(-1 





0\ 





-1 








1 





vo 





y 



also \Q /\Q] =0, so P^ — Q is normal when a — 5/^7. 
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Now we take an arbitrary trace-free quadratic differential 

q = aei CSi ei + b€2 £2, 
and compute tfie exterior derivative (coupled with the Weyl connection): 

(d^g)ei,e2 = Deig(e2) - De^q{ei) = De^(he2) - De^iaei) = hxe2 -flj^ei- 

So 

{dq - R^' - Q))ei,e2 = Kt2 - flyCi - {{-i^Plx - -^Pxl " 2^7x)ei + i~2'^(^y - 2^a7 + 2^1y)<^2) 
= {^Pxl + /37a: - ay)ti + ("2/^7^ - Pvl + ^2;)e2 



and equation (^0]) becomes 



2aj, = 2/37^ + ^^7 
26, = 2/3^7 + ;37j,. 



Second we attend to (PT|) . The one- forms A/"^ and g are the differential lifts 
of their homology classes, so to compute the cup product we need to calculate 
(id-(P'n-^d)[M3 Aq] (c.f. the proof of Proposition [Ol). So, 



[A^^Ag]e„ 



(26) 



W!,. 


9eJ-[A(f„ 


?ei 


] 












/o -lA 


,6\ /O /36 





\Pyb\ 


000 0^ 

















000 pb 

















\0 


) Vo 





/ 


/O - 


-i7.a\ /O 


7a 


\i^a\ 


- 






7a 



+ 














\0 


; Vo 





y 


/O -Ph 7a - 


-Pyb + -i^a\ 









—7a 











/36 








Vo 










) 











Thus 



(9[AASAg])e„ 



and it follows that 



(27) 



^s 



-U-^d[M^ A q] 







vo 








-2(3bei - 2-fae2\ 


/ 


]- 


0000 
0000 








/36ei + 7ae2\ 



/ 
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To verify this last, we confirm that D applied to the right hand side is equal to 
~d[N''^ Aq]. We calculate 



/O Phei + 7ae2\ 




/o 





7a\ 








/o 





/3b\ 


(d^^ 






. _P. 






-^'e. 














\o y Vo 


0/ Vo 





oy 


/O Pb --ia 


o\ 






= 






7a 
/36 


mod A^ 


E 




yo 


oy 






and so 








/O fibei + 7ae2\ /O 


/3bei + 7ae2\ 






{dd^' 






)e. = e, ■ id^' 










)e2,ei 


VO y VO 


y 








"/O 1 


0\ /O /J5 -7a 


Y 







1 









7a 

















-/36 




yo 


oy Vo 




y. 


/O -2/36\ 


































\0 


y 






The calculation for the £2 component is similar. 








Thus (l25|) becomes 








/O /36 -7a (7a), - (/36)y\ /O /36 7a 


7i;a- /5 


(rf^V+[AA9Ag])e,,e. = 


7a 
-13b 




+ 






—7a 
/36 


yo 


y \o 





/O -2/3y6 - /36y + 27^a + 7a:,\ 




































lo 
















y 











and hence ([?I|) reads 



2/3y6 - ;36y = 273;a + jUx- 



As a by product, we have proved that if equations (PO]) . (|2ip hold then 



and 



/O adx + \P^dy \(3^dx + 6(iy 



\ 






lo 













\l3-idx + bdy 
adx + ^/3jdy 
/ 


■0'' 


_ 


/o 















/36da; + ■'yady\ 










\o 








y 
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6. Polynomial conserved quantities for surfaces 

Now we want to interpret the result of i i4.2l about conserved quantities in terms of 
the classical set-up described in the introduction. 

Throughout this section, all matrices are written with respect to the frame (i?, R^, Ry, R) 
for a fixed choice of asymptotic co-ordinates x, y and then a is as in fJTJ Let g be the 
congruence of Lie quadrics. Let v £ C°°(S,0 ) be such that exp{—i/){R,Rj;,Ry,R) — 
e°'{a,ax,o'y, —2a) where a is a potential for the Chebyshev covector so that g = 
exp(— (j/ + aid))g; write 

fO \a \h c\ 
5 
0a 

yo oy 

We know, from ij3.2l that exp((i — \)[v + a id)) • d\ is of the form 

dt^VS + W^ + [t^ - \)x^ + [t^ - t)tpa 
and has conserved quantity 
exp{{t -l){i^ + a id)){R + t^R) ^ e^*"^)" exp(-i/)(i? + t^R + t(cR + hR^ + aRy) 

+ |(ia6i?+ia6i?)) 

= e*"(-2(T + t(cfT + ha^ + aOy) + i^{\ + -ah)a). 

We now gauge both the pencil of connections and the conserved quantity by exp(— ia id) 
to get: 

exp(— toid) ■ dt — dt ~ dt{~taid) 
^ dt + tda id 

= 2?9 + t{Ms + da) + {t^ - l)x^ + (i^ - OV-^ 
and 

—2(7 + t{ca + hax + afj,) + t (1 H — ab)a. 

Notice {V - x)R = so {V9 - x»)<t = 0. It follows that {V^ - {x^ + dT))axy = 
where r is given by (IT51) as above, and thus x^jV'^ are given by (jTB)) . (fT7|) . Now 
we unpack the conservation equation. First we work slightly more generally with 
vo e C°°(S,1"+^), vi e C°°(S, A^) and V2 G C°°(E, A). Separating powers of t, 
we get 

= (P9 + t(AA5 + da) + [^ - l)x' + {t^ - t)^ps){vo + tvi + fv2) 

iff 

= V^vq - xvq 

= V^vi + Af^vo + davQ — x^i — '4>vq 

= P^f 2 + N^vi + davi + x^o — x^2 — i^vi 

= N^V2 + (iaw2 + x^i + V'^o — i^V2 

= X^2 + Tpvi 

= '0U2 
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which is, taking into account kernels, equivalent to 



= V^vi + JV^vq + davQ — xvi — V'^o 
= 'D^V2 + A/'^wi + davi + x^o 
= dav2 + X^i + i^vo — 4'V2 



Now we read off our case, with wq = "2(7, vi = c<t + ba^ + acy and V2 = (1 + ■^ab)(j. 
Firstly in the x direction: 



= Cxcr + cOx + &£cO-x + ^^&cr + a^Gy + aa^y - 2{-{l3W - Pyy)a- + 7:Py(Ty) 



+ (c + bx)(Tx + [ax - l3y)<Jy + (a - 2ax)<Txy 

■ + ^(^^/^yO- + li(Ty) + a^ca + a^ba^ + a^aay - 2{-l3jax + -1 
1 



{cx + -bV -(3W + I3yy + axh - -bV - -13-ra + /3W)a 



= i^-^Pyb + (^xc)(T + (1 + axb - Pj)<7x + {bl3 + a^a - V)(7y 
0^ax<y + i^Vb + ]^ha)a + (-2)i/3VKa 
= {ax + \{Vb + p-ia)-pW)(r. 



Secondly in the y-direction: 



= Cy(j + C(jy + byffx 4" bff xy + Uyffy + -Wa(7 + {-2){-{'yV - ^xx)o- + -IxCTx) 

- 2ayn - (i/376 + ]^Wa)a - [-2)\pV a 

= (S + T^a - 7^ + -^xx + oiyp,-i - -I3jb - -Wa + jV)a 
+ {by - 1x)>yx + (c + ay)ay + (6 - 2ay)axy 
^ (Ty + a(--7a;cr + 70-2;) + ayca + aybax + UyacFy + (-2){-Wax + -zMcFy) 



i^olxO- + ayc)(T + (07 + ayb - W)(Tx + (1 + OyO - Pl)(^y 
Q = aya + (^/37& + \wa)a + {-2)\^Va 



{ay + ^{hb + Wa)--fV)a 
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This is then equivalent to: 



= 


- Cx -\- Pyy 




O'X - 


-Py 




a - 


--2ax 




c = 


= -ay 




'xC^ 


--\Pvb 




= 


= 1 + axb~ 


/?7 


V ^ 


- Ph + UxO, 





U = 


Cy + 'Jxx 


by — 


Ix 


h = 


lay 


c = 


-bx 


ayC = 


1 

^Ixa 


= 


1 + ayQ - P^ 


W^ 


aj + ayb 



= ax + ^{Vb + f3ja) - PW Q = ay + ^{f3jb + Wa) - -fV 

which is equivalent to a — 2ax,b — 2ay,c — —2axy together with the equations 
given in Theorem ll.il 



Funding 

This work was partly supported by an Engineering and Physical Sciences Research 
Council DTA. 



Acknowledgements 

I would like to thank my PhD supervisor David Calderbank for suggesting this 
topic; Jenya Ferapontov and Udo Hertrich-Jeromin for discussion. 

References 

M. A. Akivis and V. V. Konnov. Some local aspects of the theory of conforrnal structures. 
Uspekhi Mat. Nauk, 48(l(289));3-40, 1993. doi: 10. 1070/RM1993v048ii01ABEH000984 
T. N. Bailey, M. G. Eastwood, and A. R. Gover. Thomas's structure bundle for confor- 
mal, projective and related structures. Rocky Mountain J. Math., 24(4):1191-1217, 1994. 
doi : 10. 1216/rinjm/1181072333 

[3] F. E. Burstall and D. M. J. Calderbank. Conformal submanifold geometry iv,v. Work in 
progress. 

[4] F. E. Burstall and D. M. J. Calderbank. Parabolic submanifold geometry. Work in progress. 

[5] F. E. Burstall and D. M. J. Calderbank. Submanifold geometry in generalized flag manifolds. 

[6: 
[7; 



[9 

[lo: 
[11 

fl2- 



Rend. Circ. Mat. Palermo (2) SuppL, (72):13-41, 2004. URL: http : //dml ■ cz/ dmlcz/701 722] 
F. E. Burstall and D. M. J. Calderbank. Conformal submanifold geometry i-iii. June 2010. 
larXiv: 1006.57001 

F. E. Burstall, N. M. Donaldson, F. Pedit, and U. Pinkall. Isothermic submanifolds 
of symmetric r-spaces. J. Reine angew. Math., 660:191-243, 2011. larXlv: 0906. 1692 
doi : 10 . 1515/crelle . 2011 . 075 

F. E. Burstall and S. D. Santos. Special isothermic surfaces of type d. Journal of the London 
Mathematical Society, 85(2):571-591, 2012. arXiv: 1006.3175vl , doi: 10.1112/jlms/jdr050 
D. M. J. Calderbank. Mobius structures and two-dimensional Einstein- Weyl geometry. J. 
Reine Angew. Math., 504:37-53, 1998. |doi : 10 ■ 1515/'crll ■ 1998 .Til 

D. M. J. Calderbank and T. Diemer. Differential invariants and curved Bernstein-Gelfand- 
Gelfand sequences. J. Reine Angew. Math., 537:67-103, 2001. |arXiv:math/0001158v3| 
|doi:10.15 15/crll . 2001.059' 

D. M. J. Calderbank, T. Diemer, and V. Soucek. Ricci-corrected derivatives and invariant 
differential operators. Differential Geom. AppL, 23(2): 149-175, 2005. |arXiv:math/0310311v2| 
doi : 10 . 1016/ j . dif geo . 2004 . 07 . 009 

A. Cap and J. Slovak. Parabolic geometries. I, volume 154 of Mathematical Surveys and 
Monographs. American Mathematical Society, Providence, RI, 2009. Background and general 
theory. 



18 DANIEL J. CLARKE 



[13 
[14 

[15 

[16: 

[17: 
[is: 

[19 

[20' 
[21 

[22 
[23: 
[24 



A. Cap, J. Slovak, and V. Soucek. Bernstein-Gelfand-Gelfand sequences. Ann. of Math. (2), 
154(1):97-113, 2001. arXiv:inath/0001164vl d ol: 10.230 7/3062111 

L. P. Eisenhart. Transformations of surfaces of Guichard and surfaces applicable to quadrics. 
Annali di Mat. (3), 22:191-247, 1914. 

E. V. Ferapontov. Hypersurfaces with flat centroafSne metric and equa- 
tions of associativity. Geom. Dedicata, 103:33-49, 2004. arXiv:math/0205248vl 
[dolT lO . 1023/B : GEOM . 0000013839 . 59173 . a6 

J. Kaucky. Sur les transformations asymptotiques d'une surface non developpable en elle 
meme dans I'espace projectif 53. Mem. Soc. R. Sci. Bohime, 1931(16):l-35, 1932. 
K. Nomizu and T. Sasaki. Affine differential geometry, volume 111 of Cambridge Tracts in 
Mathematics. Cambridge University Press, Cambridge, 1994. Geometry of affine immersions. 
A. C. Quintino. Constrained Willmore Surfaces: Symmetries of a Mobius Invariant Integrable 
System. PhD thesis. University of Bath, 2008. 

T. Sasaki. Line congruence and transformation of projective surfaces. Kyushu J. Math., 
60(l):101-243, 2006. doi:10.2206/kyushujm.60. 101 

P. Shirokov and A. Shirokov. Affine differential geometry. Moscow, 1959. 
C.-L. Terng and K. Uhlenbeck. Backlund transformations and loop group ac- 
tions. Comm. Pure Appl. Math., 53(l):l-75, 2000. arX lv:math/9805074vn 
Idol: 10. 1002/(3101)1097-0312 (200001) 53 : 1< 1 : : AID-CPA1>3 . 3 . CO ; 2-L 

E. Cech. Sur les correspondances asymptotiques entre deux surfaces. I, II. Rendiconti Accad. 
d. L. Roma (6), pages 8; 484-486, 552-554, 1928. 

E. Cech. Sur les correspondances asymptotiques entre deux surfaces. Rozpravy, 38(3) :38 S, 
1929. 
E. J. Wilczynski. Projective differential geometry of curved surfaces. Trans. Amer. Math. 



Soc, 8(2):233-260, 1907. idol: 10.2307/19863471 

E-mail address: daniel.jcSgmail.com 



